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A  be tract 


A  common  method  of  measuring  the  velocity  of  a  magnetized 
projectile  is  to  fire  it  through  snort  "solenoid"  coils.  The 
induced  voltages ,  actuate  suitabj-e  chronographic  equipaent.  If 
the  magnetized  projectile  traverses  a  coil  at  a  distance  b  fro.m 
its  center,  the  "cross-over"  of  its  signal  will  occur  aporoximately 
(b/2v)  I  sin  (Q  +  b)  +  sin  y3  seconds  later  than  it  would  were 
there  no  yaw,  eccentricity,  or  inclination.  In  this  formula  v 
is  the  velocit-y,  S  is  the  meridional  yaw,  and  w  is  the  meridional 
inclination  of  the  trajectory  to  the  aucis  of  the  coil. 
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1.  General .  Circulaj’  coils  of  wire  called 
’'solenoias , ”  are  frequently  employed  to  indicate  the 
passage  through  them  of  longitudinally  inognc tizea 
projectiles.  The  induced  electromotive  forces  are 
allowed  to  actuate  oscillographs,  or  chronographs  of 
■  other  types,  in  order  ta  furnish  the  elapsea  time 
betvjeen  coils.  Such  instrumentation  is  often  used  for 
measuring  velocity  and  retardation.  It  is  well  un -vm 
that  time  lags  in  the  recording  equipment  may  pause 
the  measured  time  interval  to  differ  from  the  ti'ue 
time  interval  between  coils,  and  .  f forts  are  made  in 
practice  to  overcome,  or  diminish,  such  effects. 

Studies  of  such  time  l;igs  in  recor;iing  equipment  in 
relation  to  the  electrical  circuit  conditions  have 
been  made  by  Kent^  and  by  Vintl^.  However,  although 
it  has  also  been  realized  tha.t  yaw,  eccentricity,  and 
inclination  of  a  project' Lc  with  respect  to  a  coil  can 
Introduce  errors,  there  does  not  seem  to  have  been  any  • 
general  and  quantitative  evaluation  of  them.'.  Since  it 
is  dec  " ’■•able  to  be  able  to  ;!re:i1ct  the  '■'accuracy  of 
solenoid  coil  eaui  ament .  simr  le  and  a  proxiniate  for'.nulas 
fov  tne  errors  due  to  yaw,  eccentricity,  and  inclination 
are  given  here.  Their  derivation  will  be  founu  in  an 
Appendix.  Although  only  acproxiiU  ite,  tlie  formulas  are 
sufficiently  accurate  to  constitute  a  guide  as  to  the 
degree  of  care  with  whicli  guns  and  solenoia  coils  should 
be  aligned  and  orientea,  and  to  facilitate  the  critical 
evaluation  of  experimental  data. 

?•  Discussion.  V.'hen  a  longitudinally  m  gnetized 
projectile  approaches  a  circular  coil,  traverses  it, 
and  recedes  from  it,  the  changing  mignetic  flux  induces 
an  electromotive  force  V  in  the  coil.  The  geometrical 
conditions  of  passage  through  the  coll  may  be  said  to 
be  standard,  or  ideal,  when  the  projectile  moves  along 
the  axis  of  the  coil  and  '-■'t  the  same  time  the  axis  of 
the  projectile  remains  perpenaicular  to  the  plane  of  the 
coil.  One  is  here  interested  in  the  changes  in  V  cau- ed 

H.  Kent,  Ordnance  Technical  Note  No.  S  (1927) 

.  P.  Vinti,  BRL  Heport  No,  271,  ’’Some  Developments  in  the  Theory 
of  the  Solenoid  Chronograph,”  Vinti  and  A.  H.  Hodge,  Addendum  to 
BRL  Report  No.  271,  ’’Experimental  Determination  of  Solenoid  e.mcf. 

I  Curves;"  Vinti,  Report  No.  305,  "The  Practical  Determinaticr 

of  Lag  in  the  Solenoid  Chronograph." 
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by  small  departures  from  the  preceding  standard  conditions. 
Time  lags,  if  there  are  any,  in  the  recording  mechanism 
will  not  be  considered  here,  for  one  is  interestea  only 
in  the  change  proauced  in  the  recorded  signal  by  small 
departures  from  the  standard  conditions  of  passage.  It 
is  clear  that  whatever  the  time  lag  may  be  under  standard 
conditions,  between  the  V  signal  and  its  record,  any  time 
lag  in  the  V  signal  itself  will  give  rise  to  substantially 
the  same  time  lag  in  the  record,  over  and  above  the  time 
lag  rresent  in  the  record  under  standard  conditions, 

V/hen  a  magnetic  dioole  whose  axis  is  perpenuicuiar 
to  a  circular  coil  moves  with  velocity  y  along  the  coil's 
axis,  the  resulting  electromotive  force  V  is  kn'uvn  to  be 
proportional  to 

vz/''(a^  +• 

where  a  is  the  radius  of  the  coil  and  z  is  the  uistance  of 
the  dipole  from  the  plane  of  the  coil.  A  iongituainally 
magnetized  projectile  is  n^t  exactly  a  dipole,  and  the 
voltage  induced  by  a  projectile  under  standara  conditions 
does  not  follow  the  preceding  law  precisely.  The  dominant 
term,  however,  in  the  external  magnetic  field  of  a  longi¬ 
tudinally  magnetized  projectile  is  the  dipoie  term,  and 
hence  the  change  in  the  V  of  a  real  projectile,  produced 
by  a  small  departure  from  standard  geometrical  conditions 
is  approximately  equal  to  th^r  change  in  the  V  of  an  ideal 
dipole,  caused  by  the  same  small  decarture  from  standard 
geometrical  conditions. 

The  rrecedlng  expression  for  V  shows  that  V  vanishes 
for  a  dipole  under  standard  geometricel  conditions  -’hen 
z  is  zero.  If,  under  certain  non-standard  geometrical 
conditions,  V  vanishes  for  a  dipole  when  z  has  the  value 
z^,  then  it  follows  that  the  V  of  an  actual  projectile 
would  vanish  under  such  non-standard  conditions  at  a 
time^  later,  by  z,/v  seconds,  than  it  v^oula  under  standard 
conditions.  Thus,  if  one  measures  on  an  oscillograph 
record  the  Instant  when  V,  as  affected  by  time  lags, 
vanishes  then  .-nch  an  instant  will  be  late  by  z-, /v 
seconds  as  comcared  with  the  Instant  vmen  V  would  have 
been  obse^-ved  to  vanish  in  the  absence  of  eccentricity, 
yaw,  and  inclination.  Alternatively^  if  the  chronographic 
equipment  records  the  Instant  when  d'^V/at^  vanishes, 
t  being  the  time,  then  to  determine  the  error  in  such  times 
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caused  by  departures  from  the  ideal  geometrical  conditions^ 
it  is  sufficient  to  determine  the  value  of  z  for  which 
d^V/dt^  would  vanish  for  a  dipole  under  the  actual  geome¬ 
trical  conditions.  Under  standard  geometrical  conditions, 
d^V/dt^  for  the  dipole  vanishes  when  z  Is  zero.  A  type 
of  equipment  that  records  the  instant  when  d^V/dt^ ,  rather 
than  V,  vanishes  is  the  electronic  counter.  There  the 
signal  is  amplified  and  differentiated,  and  the  counting 
mechanism  is  actuated  by  the  maxima  or  minima  of  dV/dt. 

3-  .Results .  Denote  by  P  the  point  where  the 
magnetic  center  of  the  projectile  pierces  the  plane  of 
the  coil,  and  denote  by  b  the  distance  between  P  and  the 
center,  0,  of  the  coll.  The  distance  b  may  be  called 
the  ’’eccentricity.”  Choose  as  the  z-axis  the  axis  of 
the  coil,  In  the  di'^ection  of  motion;  choose  as  the 
x-axis  the  line  OP;  choose  as  the  y-axis  a  line 
perr. end Icular  to  the  x-  and  z-axesT  so  as  to  form  a 
right-handed  sy,..tem.  Denote  the  direction  co.sines  of 
the  direction  of  motion  of  the  project-'le  by  1,  m,  n,  and 
the  direction  cosines  of  the  axis  of  the  vrojectile  by 
IS  15'  j  15'  •  standard  geometrical  conditions  are 

b  -  0,  1  =  m  -  1'  =  m'  “0,  and  n  -  n'  --  1.  Then  under 
the  actual,  non-standard  conditions,  it  is  shown  in  the 
Appendix  that  the  signal  will  be  late  by  the  time 
interval 

At  =  (b/2y)  (1  +  1’)  (1) 

approximately,  and  this  is  the  desired  formula. 

The  results  may  be  expressed  in  an  alternative 
form.  Project  the  path  of  the  projectile,  ana  the  axis 
of  the  projectile,  upon  the  plane  xz.  Denote  by  9  the 
angle  between  the  z-axis  and  the  projection  of  the  path, 
and  by  b  +  9  the  angle  between  the  z-axis  and  the 
projection  of  the  projectile's  axis.  One  may  call  Q 
the  meridional  component  of  the  inclination, Sand  h  the 
meridional  component  of  the  angle  of  yaw.  Then  (l)  may 
be  V'/ritten  . 

At  =  (b/2v)  [sin  ( 6  +  9)  +  sin 


(2) 


^  Co// 


As  a  nu.nerlcal  Illustration,  if  h  is  6°,  ana  9  is 
2°  v.'hile  b  is  0.5  feet,  then  by  (?)  v  At  Is  0.0^3  feet. 

If  the  remaining  velocity  is  3000  f/s,  then  At  .is  0.000014 
seconds ,  a  pproximately . 

The  preceding  equations  are  apulicable  vviiether  the 
chronographic  equipment  is  designed  to  record  the  instants 
v;-hen  the  signals  are  zero,  or  the  instants  when  their  rates 
of  change  arc  largest. 


T.  E.  tterne, 
i'lajor.  Ora.  Dept. 


APPENDIX 


. Induced,  in  a  Circular  Coll 

By  a  Moving  Dipole_. 


Take  a  right-handed  set  of  rectangular  axes  as  in 
paragraph  3  of  tnis  Fleport.  The  raaius  of  the  coil  is 
a.  The  origin,  0,  is  at  the  center  of  the  coil;  the  axis 
Oz  is  the  axis  of  the  coll,  with  its  positive  sense  in  the 
direction  of  motion;  the  axes  Ox  and  Oy  ere  in  the  plane 
of  the  coil,  and  are  so  chosen  that  the  coordinates  of 
the  point  ?,  v.here  the  oath  of  the  di  jole  intersects  the 
plane  of  the  coil  are  0,  0.  One  may  co.li  b  the 
"eccentricity."  It  is  sufficiently  accurate  to  consider 
the  path  to  be  a  straight  line,  in  the  vicinity  of  the 
coll,  with  direction  cosines  1,  m,  n.  Distance  along 
this  line,  ;neasured  from  P,  is  denoted  by  s.  The 
strength  of  the  dirole  is  denoted  by  p,  the  direction 
cosines  of  Us  axis  by  1',  rd  ,  n' ,  and  distance  along  the 
axis  of  the  d:;-ole,  measu^':'ed  from  the  dirole,  is  denotea 
by  V. 


f 


The  solid  angle,  Q  ,  subtended  by  the  coil  at  a  point 
0  is  a  function  C  (z,  r)_  of  the  cylindrical  coord iaat^u-'  r 
and  r  of  0  where  r'-  ^  x"  +  .  The  solid  ancle  is  so  ~ 

def'n^d  as  to  be  ze-o  'vhen  C  is  the  p-oint  0,6,  -  k  . 

i ■>  .77  at  the  origin  un*  4^  ut  tne  point  0,  3,  ,  , 
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The  function  J-i  (z  r)  can  be  derived  thus 
on  the  axis,  the  solia  angle  is  clearly 


At  a  point 


Si”  27r(l  + 


(a^  +  z^) 


1/2 


) 


(3) 


since  the  racius  of  a  srherical  surface,  whose  center  is 
the  roint  Q  and  which  contains  the  coll,  is  (a^ 


Thhs  expression  can  be  expanded  in  cower 
bino'nial  theore-a;  and  for  z  <  a  . 


+ 


of  z  bv  the 


f  = 


1 

O 


3 

8 


s 


-5_ 

16 


a 


1 


.  (4) 


while  for  z  a^there  is  anotiter  expression.  Front  (A)  it 
is  Dossibi.e  to  decuce  the  solia  angle  at  points  not  on  the 
axis.  Take  snherical  polar  coorainates,  v/ith  the  center  of 
the  coil  as  origin,  the  axis  of  the  circle  rts  the  I^ne 
0  -  0,  end  with  the  symbol  R  denoting  the  distance  from 
the  center  of  the  circle.  Since  the  oesirea  solid  en^'le  Q 
at_ any  point  Is  epual  to  the  magnetic  potential  at  that 
point  that  would  be  procuced  by  a  unit  current  flov-ing  in 
the  circle,  it  follows  that  Q  must  be  a  solution  of 
Laplace’s  equation  ^  0.1ns1de  the  sphere  R  ^  a,  the 

solid  angle  L  Is  also  symmetrical  about  the  axis  0  -  o” 
and  remains  finite  at  the  origin.  It  is  therefore  causble 
of  expansion  in  the  form  '  *  ' 


^'  =  ZlAXPr  Q) 


(5) 


where  the  's  -re  numerical  ooeff icients ,  and  P  (cos  0) 
Is  the  Legendre  coefficient  of  order  n  and  argument  co-.  0 

so  along  the  axis  0  0  ecuatien  (5)  becomes 


c  -  pn 


(6) 


enabling  the  coefficients-  A^  to  be  uetermiiied  by  comparisoi 
of  equations  (4)  and  (6),  since  R  -  z  for  points  on  the  ax! 
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7/hile 


!  seen 

that  the  even 

orders 

above  the 

zero’ th 

it,  and  since 

cos  Q  = 

z/R 

Pl(x) 

tl 

P3(x) 

-  (l/?)(5x^  - 

3x), 

P5(x) 

=  (1/8) (63x^  - 

-  70 x^  + 

15x), 

P^(x) 

f 

-  (429x'^ 

-  693x^ 

315x2  - 

35x)  , 

'  Lnds 

that  when  R<  a. 

1 

^  27r 


1  +  R  2 
a  R 


Rl 

1^3. 


^  C  ^  Q 

3  d'3'  -  3  pj 


+  iRl_  (63  ~ 
64a5  h5 


70  --  +  15  -  ) 
R 


Making  use  of  the  relation 


r2  =  2^  + 


one  finds  that 
q(z,v)  =  2jt 


1  +  I  _  -i_(2z3  -  3zr^)  + 


4a^ 


S/^B. 


(7) 


(82^  -  402^  +  I52r^)  -  . . 


which  is  the  desired  fianctio-n,  valid  v/hen  R<a.  an 
expansion  Q  (z,t)  that  is  valid  when  R>a  can  be  similarlv 
derived j  but  is  not  needed  here. 

At  any  Instant,  the  surface  integral  over  the  area  of 
the  coil  of  the  normal  coniponent  of  fiiagnetic  induction  is 
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N 


i  .--I 


and  s inc  e 


9^  _  X 

r  »  \  ^ 


it  folloViS  that 


(3) 


N(x,  y,r,  z) 


an  explicit  function  of  the  four  non-independent  variables 
X,  y/r,  z  among  which  ^  is  a  fuiicrion  of  x  and  £. 

The  induced  electromotive  force  is  given  by 


or 


(9) 


where  T  is  the  number  of  rums  in  the  coil,  v  is  the  velocity 
of  the  dipole,  and  d  is  regarded  as  a  function  of  the  three 
independent  variables,  x,  y,  z.  If  N  is  available  as  an 
explicit  function  N(x,y,r,z)  of  the  for  non-independent 
variables  x,  y,  r,  z  then  equation  (9)  becomes 


-9 
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V 


and  hence,  by  equation  (8), 


+  (J^x  +my)  (SL'xtm'y)  ^  J  || 


L 


+  |h'(j^x+my)  +  n(X'x  +  m'y’^-  nn' 


(11) 


F-pom  equation  (7),  the  leading  terms  in  the  partial  derivatives 
above  may  be  evaluated.  They  are 


Near  the  instant  of  passage  through  the  coil  1,  1 ' ,  m, 
and  m'  are  small  quantities,  of  the  order  of  magnitude  of” 
the  yawj  usually  no  larger  than  about  1/6  (for  10°  yaws) . 
The  quantity  x  is  nearly  equal  to  b,  and  y;  is  closely  zero; 
while  n  and  n'  are  approximately  unity.  It  follows  from 
the  preceding  relations  that  at  the  instant  of  passage, 
when  z  Is  zero,  the  only  contribution  to  V  comes  from  the 
terms  involving 


1  lli3 

r  dzdr 


c<nd  thus  at  this  instant 


V  =  -  3tt  |j  vT  'b(l_  + 

approximately  while  the  principal  term  in  dv/dr  is 

bvy  vT/a^  . 


Hence  ^  is  zero  at  the  instant  when 


-2  =  |(?+  V)  (12) 


approximately,  which  occurs  approximately 


At  =  (b/2v) (1  +  1' )  (13J 


seconds  alter  passage.  This  is  the  desired  relation. 

A  word  is  desirable  as  to  the  degree  of  approximation 
involved  in  equations  (12)  and  (13).  In  deriving  expressions 
I'or  V  and  dV/dz  from  equations  (7)  and  (li)  only  leading 
terms_^have  been  retained,  ana  terms  containing  the  factors 
(b/a) _  (b/a)4,^  etc.^,  have  been  aiscardea.  a  rough 
evaluation  of  the  effect  of  neglected  terras  indicates  tnat 
the  rigbt-hand  members  of  equations  (12)  and  (13)  are  correct 
when  b/a  is  very  small,  ana  should  be  multiplied  by  0.7 
when  b/a  is  0.5,  ‘-nd  by  0.4  when  b/a  is  unity.  Thus  the 
formulas  in  this  Report  should  be  regarded  as  furnishing  tne 
order  of  magnitude,  only,  of  errors  due  to  yaw,  eccentricity, 
and  inclination,  although  it  would  be  possible  to  retain 
terms  that  have  been  discarded,  the  resulting  gain  in 
accuracy  would  be ^ largely  formal,  rather  tnan  real,  because 
of  the  magnetic  differences  between  actual  nrojectiles  and 
ideal  dipoles;  and  the  resulting  formulas  would  be  con¬ 
siderably  more  complicated  than  the  present  formulas  ube 
present  formulas  (1),  (2),  (12),  and  (13)  are  sufficiently 
accurate  as  they  stand  for  the  purposes  for  which  they  are 
intended,  VYhich  are  to  furnish  a  guide  as  to  the  degree  of 
care  with  which  guns  and  veiocity-measuriag  equipment  should 
be  aligned  and  to  facilitate  the  .critical  evaluation  of 
experimental  data. 

hquation  (13)  gives  the  time  interval.  At,  betv/een 
tne  passage  of  the  dipole  through  the  plane  of  tne  coil  and 
the  instant  when  the  induced  eiectroirxotive  force,  V,  is 
zero.  In  case  the  chronographic  equipment  differentiates 
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the  voltagG  input  ^  £ind  deterniines  tne  instunt  when  the 
derivative  is  a  maxiciura  or  minimum,  the  time  interval 
that  is  of  interest  is  the  interval  At'  between  coil  passage 
ana  the  vanishing  of  d^V/dt^.  This  quantity  vanishes, 
substantially,  when  d^V/d£‘-'  vanishes.  At  the  instant  of 
coil  passage, 

d^V/dz'"  =  457rpvT  b(l  +  l')/a^ 


from  equation  (ll) ;  and  tne  principal  term  in  d^V/dz^  is 


-90TrpvT/a^ . 


Accordingly,  d^V/dz^  is  zero  when 

z  =  (b/2)(l  +  It) 


approximately,  and  thus 


At'  =  (b/2v) (1  +  It) 


seconds, 


v/hlch  shows  "that  At' 


-  At  approximately. 


